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INTRODUCTION 
Determining the elastic moduli of anisotropic materials via non-destructive testing 
techniques is one of the most difficult subjects of acoustoelasticity theory today. The 
major difficulty comes from the fact that the elastic waves propagating in anisotropic 
media have different phase and group velocities in both magnitude and direction, which 
was considered to greatly complicate the analysis of the problem. Therefore, previous 
work in this area has been restricted to either measurements conducted only in symmetry 
planes, as mentioned in [1,2], or the slight anisotropy case in which the ultrasonic 
measurement was approximately related to the phase velocity, such as [3,4]. 
Recently, significant progress has been achieved in this area [1,2]. It was proved that 
the time delay measured in an ultrasonic oblique pulse echo experiment is truly related 
to the phase velocity if the anisotropic medium has one symmetry plane [1]. 
The objective of this paper is to show that the result given in [1] is valid for any 
kind of anisotropic medium without any assumption of symmetry. The approach used 
here also is valid for the case of ultrasonic through transmission and is simpler than that 
described in [2]. 
THEORETICAL BACKGROUND 
With the technique described by [4,5], A 'plate-like' sample of an anisotropic 
medium is immersed in water, two transducers, one is used as transmitter, another as 
receiver, are placed on the same side of the sample. A water-pure longitudinal wave 
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from the transmitter incident upon the top water/solid interface at an oblique incident 
angle, leads to two reflections and refractions which occur at the water/solid interface 
and the bottom solid/water interface, respectively, as shown schematically in Fig. 1. 
According to elastic wave theory, a reflected longitudinal wave and three transmitted 
waves will be generated at the top interface. Because of the anisotropy, one of the 
transmitted waves is quasi-longitudinal and other two are quasi-transverse waves, which 
may be expressed, in a general form, as follows: 
if = A aexp [i( rot -k tx)] (1) 
where A is the amplitude, a is the unit displacement vector, Y\s the wave normal, k is 
the wave number, and m is the frequency. 
With the definition of the phase velocity, Vp = m/k, the corresponding slowness 
vector is given by 
Using the relationship between the group and phase velocities [6,7], 
We can easily get 
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Fig.1 Schematic diagram of pulse echo technique. 
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(2) 
(3) 
v = (noni)-l 
g 
where n is the directional cosine vector of the energy flux. 
Consider an incident wave with the coordinate system and the incidence plane 
shown in Fig. 2, 
~in (in in in)T 1 ( . S' . S S )T m = m1 , m2 , m3 =v- sm insmy, sm in cosy , -cos in 
w 
where 
Vw --velocity of the pure longitudinal wave in water (constant); 
Sin --oblique incident angle formed by incident wave normal and the 
normal to the interface (i.e. x3-axis); 
y -- angle measured from the projection of the incident wave normal 
onto the interface (X1X2 plane) to x2-axis. 
(4) 
(5) 
Let the slowness vectors of the reflected and transmitted waves at the top interface are 
(6) 
respectively. 
As we know, these slowness vectors have to obey the general Snell's law, which 
can be formulated as [6,7]: (1) the slowness vectors of all reflected and transmitted 
waves must be in the incidence plane; (2) all projections of the slowness vectors 
(incident, reflected, and transmitted) on the interface are equal to one another. Hence we 
have the following relations: 
Fig. 2 
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Schematic illustration of wave propagation. 
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(7) 
When the transmitted waves generated at the top interface reach to the bottom 
interface, they will act as incident waves to generate a second reflection and refraction. 
However, only the reflection is of interest here. Although the positions of the reflected 
waves generated at the bottom interface are determined by the energy flux vectors of the 
transmitted wave from the top interface, the first two components of their slowness 
vectors nib still obey Snell's law, i.e. 
(8) 
where the superscript b stands for the wave reflected from the bottom interface. For the 
simplicity, the transmitted wave generated at the top interface and the wave reflected at 
the bottom interface are called the first transmitted and the second reflected waves, 
respectively, in the rest of this paper. 
As we know, the velocity of the longitudinal wave is greater than the velocities of 
the transverse waves, and the measured quantity is the 'time delay' [4] defined as the 
difference between the travel times of the first two echoes (R2 and R5 shown in Fig. 1). 
So, when ein is smaller than the first critical angle, we only need consider the quasi-
longitudinal wave. On the other hand, when ein is larger than the first critical angle, only 
two quasi-transverse waves will be generated. Again, by Snell's law, the second 
reflected waves will be quasi-transverse too. But, in this case, only one of them, which 
is called QSV, can be detected in the experiment. 
Due to above consideration, we can say that the first transmitted and the second 
reflected waves which contribute to the determination of the time delay belong to the 
same mode, i.e., either QL --t QL or QSV --t QSV. Hence, we have 
Therefore, with the given coordinate system, Eqs. (7) - (9) result in 
(9) 
(10) 
Now, the problem considered here becomes how to determine the third component 
m3" which is the goal of this work. 
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DERIVATION OF TIME DELAY 
Since the time delay measured in the experiment actually corresponds to the energy 
propagation associated with the traveling waves, with the geometry shown in Figs. 3 -
5, it may be represented as 
(11) 
where 
AB" lJ7'C' 
t2 = -- +--
V' Vb g g 
(12) 
Substituting Eq. (12) into Eq. (11), we have 
At = (Aff1T + lJ7'C']_ AlJ 
V' Vb V g g W 
(13) 
here VgI and Vgb are the group velocities corresponding to the ftrst transmitted and the 
second reflected waves, respectively. 
Using Eq. (4), we have 
V I ( I ,)-1 b b b-1 g = nj mj ; Vg =(nj mj ) (14) 
with ii', iib , Iii I, and Iii b being the directional cosine vectors of the energy fluxes and 
the slowness vectors of the ftrst transmitted and the second reflected waves, respectively. 
Fig. 3 lllustration of the energy propagation (y = 0). 
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Fig. 4 Front view of Fig. 3. Fig. 5 Top view of Fig. 3. 
Because of the anisotropy, without loss of generality, we can assume that the 
incidence plane coincides with the X2X3 plane, i.e., y = O. Hence, from Eqs. (5), (7), (8), 
and (10), we get 
(15) 
and 
(16) 
Substituting Eq. (15) into Eq. (14) yields 
(17) 
As shown in Fig. 3, il' and ilb are determined by the angles (eg', y ) and (e/, t ), 
respectively, 
here i = tor b, and '-' sign for t, '+' sign for b. 
168 
From Fig. 3 - Fig. 5, we can easily get the following geometrical relations: 
ABn =_h_ 
cose~ 
lJ7TC7 =_h_ 
cose: 
lID =irr' sinein = (AR + Be) sinSin 
= (AB 7 cosy' + B I C I cosyb) sinSin 
=(htanS~cosy' + htanS:cosyb)sinSin 
=hsinSin(tanS~cosy' + tanS:cosyb) 
(18) 
(19) 
Substituting Eqs. (16) - (19) into Eq. (13) results in 
[ h h 1 sine., b /).t = + - h __ m (tanegcosy' + tanegcosyb) e'v' ebvb v cos g g cos g g W 
= h[_1_, ~ + ~-;l- hm2(tane~cosy' + tane!cosyb) 
coseg Vg coseg Vg 
= h[--.!..,(n2'm2 + n3'm3) + ~(n2bm2 - n3bm3)]- hm2(tane~cosy' + tane;cosyb) 
-n3 n3 
i.e. 
(20) 
which means that the time delay is simply determined by the specimen's thickness and 
the phase vector. It should be noted that with the chosen coordinate system, m3 (i.e. m3t ) 
is always a negative quantity. 
CONCLUSIONS AND DISCUSSION 
Based on the general Snell's law and the relationship between group velocity and 
phase velocity, an exact analytic expression for time delay of the ultrasonic oblique 
pulse echoes was obtained. This very simple expression shows that the time delay 
measured with the ultrasonic immersion technique is truly related to the phase velocity 
of the transmitted wave, even though it actually corresponds to the associated energy 
propagating along the actual path in the direction of energy flux vectors. The result 
holds for any kind of anisotropic materials without any assumption of symmetry. 
By taking the square of both sides of Eq. (20), and using the relation: 
1 
V2 p 
(21) 
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we get 
which yields the same result given by [1]: 
1 
V 2 P 
(22) 
(23) 
A similar derivation also can be done for the ultrasonic oblique through transmission 
case to obtain the same conclusion as described in [1,2]. 
With Eq. (7) and Eq. (20), the slowness surface of the material under investigation 
could be directly obtained by measuring the thickness of the specimen and the time-
delays with various oblique incident angles, which provides an effectively qualitative-
analysis for the determination of material's elastic moduli. Also, it should be possible to 
quantitatively determine all of the elastic moduli by solving a nonlinear least squares 
problem resulted from the wave equation. 
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